Twin-edged polyhedrdrom links and knots Draft by Stephen Nursdune2023
Abstract

This paper presentsays of making polyhedrabased on a cube documented by Marleen Hartogg.
Models are made usingaper cutouts or basket cane trained over jigs and glud@8 styles of
Platonic solidaind 13 styles of tessellation aiaentified.

Basket cane models of the platonic solids exist in configurations which vary the strand count of the
model. For example, anstyle of twin edged tetrahedron has 64 configurations and can be made
from 1, 2, 3 or 4 strands of cane.

There is considerable scope for these models to be made and enjoyed in classrooms where doing
maths can motivate both students and teachers.

Figure 1. Mat S Sy | cubickngteti Qall (Hartog)
Figure 2Equivalentmodelfrom paper and staples
Introduction

InMay 2022, driend Christine suggestl a craftideafor my wife the project waghe braided

knitted ballby Marleen Hartodfigure1). MarleenQa LJ- G G SNY Ay Of dzZRSR F LINI O .
I made (figire 2). Thenl wondered couldthis formbe applied to othepolyhedra?f MarleenQa o I f

was a cubeywhat woulda tetrahedron, octahedron, dodecahedron and icosahedomk like?


https://www.ravelry.com/patterns/library/gevlochten-bal---braided-ball
https://www.ravelry.com/patterns/library/gevlochten-bal---braided-ball
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Figure 3Equivalentof figure 2from basket cangelectrical heat shrink, glue

Figure 4Cube fronfigure 3in 3d printed jigduring construction

Before answering this, a tractable form of the cub&s neededthat isa cube \ith translatable
geometry.This is shown in figure 3his basket cane has the topolagfigure 2 andracesedgesof
acubewith chamfered edges anduncated verticeslt is a template fosimilartetrahedra,
octahedra dodecahedraandicosahedra
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Figure5: Platonicsolids chamfered, then truncatedetrahedron, cube, octahedromiodecahedron,
icosahedron

As shown in figuré, the Platonicsolidsall haveversions which arehamfered thentruncated It
seems logical tt equivalents of figure exist for allof them, ieversions with twin edgesnda
hoop parallel to each side.

Tetrahedronand octahedron

Initial analysi®f these forms was othe tetrahedron, and later | consideredther shayes.



Stephen Nurse®

Figure6: Stereographic projection sketdf tetrahedron from Iinkswit linksrepresentng sides.
Figure7: Basket caneersion of figures held withglueandelectrical heat shrink.
Figure 8Figure ftetrahedronwasmadewith clips and3d printed jigs.

The tetrahedron is th@latonicsolid with the least number of faces, edges and corners, so seemed
the easist to sketch and make.sketched a tetrahedron in stereographic projeatithenused jigs
to make theinterlocking linkgFiguress, 7, 8).

Figure9: Stereographic projection style sketch of tetrahedron from single strand.
Figurel0: 3d version of figure 5 from basket cane, glue, electrical heat shrink.

Later | sketched variations on the plain stereographic projection, and made a configuration of figure
7 from a single strand. This new shape (Figures 9 and 10)thefsur links iro a single knot

forming a closed loop or Euler circuit. The Euler circuit depends on half twists in edges acting as
switches, transferring strandsetweenlinks.
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Figure 11Tetrahedron sketches showing configuratiasfgwistsin edges. It shows the nureb of
linksper configuration, and counts the configurations with 4, 3, 2 and 1 link.

There are six sites for switches insthloubleedged tetrahedronso 2° configurations Using
sketcles(figure 11) | countedswitchingin tetrahedra(seefigures6 to 10), finding;

1 configuration for shapes with O or 6 switches,

6 configurations for shapes with 1 or 5 switches
15 configurations for shapes with 2 or 4 switches
20 configurations for shapes with 3 switches.

Theseresults can be calculated through thembination functionC(6, k) where k is the number of
switches. Harder to predict is the number of links rasglfrom different switch configurations.

Thelinks in eaclktonfiguration werecounted Manywere similaronce symmetry is considered
(figure1l). Ths style oftetrahedron has 64 edge configuratian&’hen4 linkscorrespondngto
faces

Asingle strandctahedronis shown inifjures 12, 13). Notthat vertices become complexhven
more than 3 edges meet at corrger


https://en.wikipedia.org/wiki/Combination
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Figure 12: Twin edgectahedron from single strand.

Figure 13ketchfor figure 12 idased orthe stereographic projectionf anoctahedon.
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Dodecahedron and Icosahedron
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Figurel4: Dodecahedron knot from single basket cane strand
Figurel5: Planning diagram for dodecahedron knot. (Nurse 2023)

The largest twin edge polyhedron knot made to date is a dodecahedrade using a central jand
nodejigsfiz2 K2t R ol aisSad OFryS Ay LXIFOS o0S¥2NB 3FftdAy3Io
path between nodes (Nurse 202Fjigure 15 is based on a dodecahedron net, that is a set of

pentagons that will fold in to aatlecahedron.

It is complex rappingdodecahedron edge configurations as per figutelodecahedrons havg0
edges, over a billion 2or 1,073,741,82%edge configurations and up fi? links. The equivalent
icosahedron has the same number of edges andigarations but up to 20 side#&\n algorithm to
determine the number of links present in a given edge configuration may be possible

I have made twin edge versions of all Platonic solids except the icosah&thisrshape has 5 edges
meeting at each cornea setup that is hard to make using current jigs.
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Polyhedra configurations

Up till now; only onetwin edgedPlatonic soliccorner configuratiorhas been examined his section
looks atother corner configurations.

Figure B Twin edge cubsvith three possiblecornerstyles

Looking athe figure 5 cubein detail,there ar 3node configuratiors preseningthe twin edge

arrangement These are shown in figur€é1la)ER3S & R2y Qi ddNd@apendehtyitRoutd A RS &
overlap orstructure, b)links loop back on themselves ahdcome edgs, and cpverlappindinks

with structure ager figure 3 Note that I6¢ resembesfigure 22 in Roelofs (2008), however Roelofs
describes knaton each vertexf a polyhedron

Figure B a), b) and c) have 240, 0 and 120 degree anticlockwise deviation angle of strands passing
through the node. This applies when the node is flat, which occurs in hyperbolic (spherical)
geometry.
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Figure Z: Edge net for cub&6a, with loops correspondto sides.

Figure B: Qubefrom figure 17 net.
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Figure ®: Edge net for cube as peéli.
Figure20: Qube from figure 9 net.

Figure21: Edge net for cube as pe8d, representing the topologyof figures 1, 2 and 3.

Figure22: Qube from figure21 net.

These styles can be described by paper modétslels are made usirigd drawing with colouredin
areas representingdges Drawings arecut, rolled and taped. Figured 10 22 represent polyhedron
styles shown in figure6l



